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Abstract. We study the neutral Kahler metric on the space of time-like lines 
in Lorentzian E? , which we identify with the total space of the tangent bun- 
dle to the hyperbolic plane. We find all of the infinitesimal isometries of this 
metric, as well as the geodesies, and interpret them in terms of the Lorentzian 
metric on E 3 . In addition, we give a new characterisation of Weingarten sur- 
faces in Euclidean E 3 and Lorentzian E 3 as the vanishing of the scalar curvature 
of the associated normal congruence in the space of oriented lines. Finally, we 
relate our construction to the classical Weierstrass representation of minimal 
and maximal surfaces in E 3 and E?. 



1. Time-like lines in Ef 

Consider the Lorentzian space E 3 with flat coordinates (x 1 , x 2 , x 3 ) so that the 
metric takes the form: 

ds 2 = (dx 1 ) 2 + (dx 2 ) 2 - (dx 3 ) 2 . 

For convenience we let z = x 1 + ix 2 and t = x 3 . 

The set of future-pointing time- like geodesies in Ef can be identified with TH 2 , 
the tangent bundle to the hyperbolic plane, as follows. H 2 is one of the two con- 
nected components of the 2-sheeted hyperboloid in E 3 : 

(x 1 ) 2 + (x 2 ) 2 ~ (x 3 ) 2 = -1. 
This embedded disc can be parameterized by the map h : C — > E 3 : 



2£ t i + a 



for |£| < 1. The metric g induced on H 2 by the Lorentzian metric is positive definite 
with coordinate expression: 

In particular, the metric is of constant curvature -1 and £ is a holomorphic coordi- 
nate on H 2 . 

The space L 3 _ of future-pointing time-like lines can, by parallel transport, be 
identified with the tangent bundle to this embedded disc. The direction vector 
(normalised to length -1) of the line determines the point on the hyperboloid, while 
the Lorentz orthogonal vector from the line to the origin is the tangent vector to 
the disc. Thus we have identified Lf _ with TH 2 (see figure below). 
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In [3] a method was presented for constructing a Kahler structure (G, JJ, f2) on 
the total space of the tangent bundle TN, given a positive definite metric g on 
the 2-manifold N. The associated metric turned out to be of neutral signature and 
scalar- flat. The Kahler structure on the space L 3 of oriented affine lines in E 3 , which 
can be identified with the tangent bundle to the 2-sphere, was also investigated. 

In this paper we consider this Kahler structure on L 3 _ =TH 2 . This Kahler 
structure has many properties in common with the E 3 case and for this reason we 
state the shared features together in what follows. In particular, we prove that: 

Main Theorem 1. The identity component of the isometry group of the Kahler 
metric on TSt 2 ( TH 2 ) is isomorphic to the identity component of the Euclidean 
(Lorentzian) isometry group. 

This property has been proven to almost uniquely fix the Kahler structure on 
TS 2 [7] and the same holds for the Kahler structure on TH 2 . We also investigate 
the geodesies of this metric: 

Main Theorem 2. The geodesies of the Kahler metric on TS 2 (TH 2 ) are generated 
by the 1-parameter subgroups (transvections) of the Euclidean (Lorentzian) isometry 
group. 

Finally, we consider (space-like) Weingarten surfaces in E 3 (E 3 ). These are 
surfaces for which there exists a functional relationship between the eigenvalues 
of the 2nd fundamental form, and we find the following characterisation for such 
surfaces: 

Main Theorem 3. Let S be a C 2 -smooth (space-like) surface in E 3 (E\) and E 
be the oriented normal congruence, considered as a surface in L 3 (L 3 _ ) . Then S 
is Weingarten iff the Lorentzian metric induced by G on £ is scalar flat. 
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In particular, S is minimal (maximal) in E 3 (Ef) iff a certain holomorphic con- 
dition is satisfied, which we relate to the well-known Weierstrass representation [4] 
[5]. 

To prove the above results, we establish some general properties of the neutral 
Kahler metric in the next section. We also consider the isometries, geodesies and 
2-dimensional submanifolds of TN endowed with this metric. 

Building on these results, Section 3 specialises to the metrics on TS 2 and TH 2 
and contains the proofs of the Main Theorems on isometries, geodesies and 2- 
dimcnsional submanifolds. The final part of this section discusses the relationship 
with the Weierstrass representation. 

2. Neutral Kahler Metric on TN 

Let (M, G, J, ft) be a Kahler surface. That is, M is a real 4-manifold endowed 
with the following structures. First, there is the metric G, which we do not insist 

be positive definite - it may also have neutral signature (+ H ). In order to 

deal with both cases simultaneously we assume that the metric can be diagonalised 
pointwisc to (1, 1, e, e), for e = ±1. 

In addition, we have a complex structure J, which is a mapping JJ :T p M -^T p M 
at each p £ M, which satisfies J 2 = —Id. Finally, there is a symplectic form fl, 
which is a closed non-degenerate 2-form. These structures are required to satisfy 
the compatibility conditions: 

G(JM-)=G(-,-) G(;-) = fl{I;-). 

The following result highlights the difference between the case where G is positive 
definite and where it is neutral, and will be of use later. 

Theorem 1. Let pel and v\,v 2 £ T p M span a plane. Then 

ft(vi,v 2 ) 2 + eq 2 {v\,v 2 ) = det G(vi,Vj), 

where s 2 (vi,v 2 ) > with equality iff {v\,v 2 } spans a complex plane. 

Proof. Let us choose a unitary basis of frames {e\,e 2 } with 

JT(ei) = ie\ J(e 2 ) = ie 2 G(ei,ei) = e G(e 2 ,e 2 ) = l. 

In terms of the dual co- frame {8 1 , 8 2 } we can write 

G = 2 (eO 1 ^ + 9 2 9 2 ) Q, = i (eO 1 A 9 1 + 8 2 A 9 2 ) . 

Thus 

via n = -led 1 a S 1 a e 2 a § 2 . 

For vi,v 2 £ T p M, we evaluate this 4-form: 

ft Afi(vi,«2,J(vi),][(u2)) - -260 1 A6 1 A6 2 A6 2 (v u v 2 J(v 1 )J(v 2 )). 

(2.1) 

Now, define the 2-form <r 2 by 

v 2 ) = \B X A 9 1 A 9 2 A 9 2 {v u V2, J(«i), J(«a)). 
If we decompose v\ and v 2 on the unitary frame: 

Vj = djei + djEi + bje 2 + bje 2 a j,bj £ C j = 1, 2, 
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we compute that 



? (vi,v 2 ) 





a\ 


a-i 




h 


1 




a 2 


b 2 


h 


4 


Oi 


-ai 


bi 


-h 




a 2 


-a 2 


b 2 


-h 



|ai6 2 -M2I 2 > 0. 



It is clear that if the plane spanned by vi,v 2 is holomorphic then q 2 vanishes. 
Conversely, suppose that <r 2 vanishes on some v\,v 2 spanning a plane. Then for 
some /i£C 

v\ = aiei + 6ie 2 + a 2 ei + 6 2 e 2 v 2 = /u(aiei + 61 e 2 ) + ft(a 2 ei + b 2 e 2 ), 

where /i is not real, since v\ and t> 2 are linearly independent. Thus we compute 
that 

JJ(wi) = i(aiei + bie 2 ) - i(a 2 ei + b 2 e 2 ) = ^ — -ivi - iv 2 , 

and so the plane spanned by vi,v 2 is holomorphic. 
Returning now to equation (2.1) we have 

- tt(J(v 2 ), V 2 )Q(v-L, J(«l)) = -£<T 2 (wi, V 2 ), 

or, 

0(ui,w 2 ) 2 + e<r 2 (w!,i; 2 ) = G(vi,Vi)G(v 2 ,v 2 ) - G(v 2 ,Vi)G(v 2 ,Vi), 
which yields the claimed result. 

□ 

We turn now to our construction of a neutral Kahlcr structure on TN - further 
details can be found in [3]. Given a Riemannian 2-manifold (N,g,j) we construct 
a canonical Kahler structure (J,f2,G) on the tangent bundle TN as follows. The 
Levi-Civita connection associated with g splits the tangent bundle TTN=TN©TN 
and the complex structure is defined to be JJ = j © j. 

To define the symplectic form, consider the metric g as a mapping from TN to 
T*N and pull back the canonical symplectic 2-form fT on T*N to a symplectic 
2-form n on TN. 

Finally, the metric is defined as above by G(-, •) = 0(J-, •). The triple (J, Q, G) 
determine a Kahler structure on TN. 

Proposition 1. [3] Let (TN,S,Q,G) be the Kahler manifold, as above. Then the 

metric G has neutral signature (+-\ ) and is scalar-flat. Moreover, G is Kdhler- 

Einstein iff g is flat, and G is conformally flat iff g is of constant curvature. 

Choose conformal coordinates £ on N so that ds 2 = e 2u dt;d£, and corresponding 
coordinates (£,77) on TN by identifying 

d d 

In such a coordinate system, the symplectic 2-form is 

il = 2Ke (e 2u dn A d£ + r)d(e 2u )d£ A d£) , 
and the Kahler metric G is 

G = 21m (e 2u df]d£, - nd{e 2u )d£,d£) . 
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Here we have introduced the notation d for differentiation with respect to £ - 
notation that we will use throughout this paper. 

2.1. Isometries. 

Theorem 2. Let Iso(TN,G) be the vector space of Killing vectors of (TN,G) and 
Iso(N, g) be the space of Killing vectors of (N, g ), where the metric g is assumed 
to be complete. If g is non-flat, then 

Iso{TN, G) = Iso{N, g) © (Hol(TN, N) n Cag(TN, N)) , 

where Hoi (TN, N) and Cag(TN, N) are the spaces of holomorphic and Lagrangian 
sections of the canonical bundle TN — > N, respectively. In addition, dim (Iso(N, g) ) 
= dim (Hol{TN, N) n Cag(TN, N) ). 
If g is flat, then 

Iso(TN, G) = Hty{N, g) © {Hol{TN, N) n Cag{TN, N)) © V, 

where Hty(N,g) is the space of homotheties of g and V is a certain 3-dimensional 
vector space. 

Proof. A vector field V 1 is a Killing vector for G if and only if 

vdi&jk + GkidjV* + g^v = o. 

To find the solution to these equations we proceed as in Proposition 9 of [3] . The 
equations with (j,k) equal to (r),ri), (77,77) and (£,77) read: 

<9„V« = 5^V £ - $jV f = <%V« - d n Y r ' = 0, 

which have general solution 

V*=a (£,0 + ai&0'7 V" = M£> Z, v) + (da + tj&h) fj, (2.2) 

for complex functions ao(£,£) an d &o(£,£,77), and real function ai (£,£). 

The 77 derivative of the (£,77) equation forces 01 to be constant, while the re- 
mainder of the equation says: 

dfjbo + Aaidu fj + 2a du + 2a a du + d^ao = 0, 

which we integrate to 

b = bi — (d^a + 2a n du + 2a n du)i] — 2a\du rf , 

for complex function 61 = &i (£,£). 

With this simplification, we find that the ?7 2 -term says ai.ddu = and b\ = &i(£). 
The Gauss curvature of the metric g is n = —Ae~ 2u ddu and so we must now deal 
with two separate cases: k = and k^O. 

Case 1: k^O 

We have then that a\ — 0, while the (£,£)-equation yields 

dda — 2duda = 

ddao + 2duda — 2a n ddu + 2a ddu = 0. 

The first of these can be integrated to 

Ba Q = b 2 e 2u , 

where &2 = &2(^) is a complex- valued function. In fact, we must have bi = 0, since 
differentiating the (£,£)-equation with respect to £ and 77 yields bi-ddu = 0, and 
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ddu ^ 0. Thus ciq is a holomorphic function and the second equation above can be 
integrated to 

d(a e 2u ) + B(a e 2u ) = C, (2.3) 

for some real constant C . This equation can be understood as follows. Consider a 
vector field on the Riemannian 2-manifold (N,g= e 2u d£d£) given by 

* = ao(£,0^ + ao(£,oj|. 

Then X is a homothety iff ao is holomorphic and satisfies equation (2.3). Since the 
only complete metrics admitting (non-Killing) homotheties are flat [6] , we conclude 
that C — and the vector field X is in fact an infinitesimal isometry of (N,g). 
The final equation to be solved is for the holomorphic function b\ : 

d(he 2u ) = d(he 2u ). 

This is equivalent to the holomorphic section £ — > (£,77 = 6i(£)) being Lagrangian. 
The final form of the Killing vector is: 

V s =a V = h - (<%a + 2a du + 2a du)ri, 

where the holomorphic functions ao and 61 correspond to Killing vectors of g and 
holomorphic Lagrangian sections of TN (respectively). 

Note that we have an isomorphism Iso(N, g) = Hol(TN, N)n£ag(TN 7 N) given 
by a — » 61 = ia . 

Case 2: k = 

We can take holomorphic coordinates £ on N such that u = 0, and then the 
(£,£)-equation takes the form: 

dda = dda n = 0, 

which has solution a = b 4 + 6 5 £ + (be + b?£)([ for complex constants 64, 65, be, 67. 
The fj term of the (£,£~)-equation forces 67 to vanish. The remaining equation to be 
solved is for the holomorphic function 61: 

d(b 1 ) = B(b 1 ), 

with solution b\ = b 2 + b^ for 6 2 € C and 63 e M. The resulting Killing vectors are 
V e = b 4 + 6 5 £ + 6 6 £ + a l7 7 V" = 6 2 + 6 3 £ - 65^7 + M- 

Thus the 10-dimcnsional space of Killing vectors consists of: the homotheties of g 
(64,65 G C), the Lagrangian holomorphic sections of TN (62 € C, 63 £ R) and the 
vector space V generated by be & C and a\ £ R. □ 

2.2. Geodesies. We now consider geodesies of the neutral Kahler metric G on TN. 

Theorem 3. The linear subspaces of the fibres of the bundle TN^N are null 
geodesies. These are the only geodesies that lie in the fibres. 

The geodesies that do not lie in the fibres project under the bundle map to 
geodesies on N. 

Proof. Consider the parameterized curve s — > (£(s), ??(«))• The affinely parameter- 
ized geodesic equations for G are: 

£ + 2<9< 2 = 
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rj + Adu^fj + 2(t]ddu — rjddu)^ 2 = 0. 

If £(0) = 0, then the first equation implies that £(s) = for all s i.e. the geodesic 
lies in the fibre. The second equation can then be integrated to r/(s) = 7/(0) + r)(0)s, 
and these geodesies turn out to be null. This proves the first part of the theorem. 

On the other hand, if £(0) ^ 0, the first equation is just the geodesic equation 
for g = e 2u d£_d^ on N. This proves the second statement. □ 

In order to completely integrate the geodesic equations we need more information 
on g. In the next section we solve the rest of these equations for g of constant 
curvature ±1. 



2.3. Surfaces in TN. We now consider the geometry induced on an immersed 
surface / : X -^TN by the Kahler structure. Let (v 1 v) be a local coordinate system 
on S: f{y,v) = D), r\{v, v)). Then: 

Proposition 2. 

Proof. The first of these comes from pulling back the symplectic 2-form to E, while 
the second follows from 



^{?*dv' S *di>)~ ^' 



<9„£ <9„£ d v j] d v f\ 
duC ~dv{ d v t] -d u fj 



= e 4u \d^d^-d u ^ V \ 2 . 

□ 



The signature of the induced metric on a Lagrangian surface is given by: 

Proposition 3. The metric induced on a Lagrangian surface by the neutral Kahler 
metric is either Lorentzian or degenerate. This last occurs when the surface is both 
Lagrangian and holomorphic. 

Proof. A plane spanned by {i>i,t>2} is Lagrangian if Q,{v\,V2) = 0. By Theorem 
1, on a Lagrangian plane det G(vi,Vj) = — <r 2 (ui,V2) < 0. Thus the determinant 
of the metric induced on a Lagrangian surface is zero or negative depending on 
whether or not the surface is holomorphic. □ 

In the positive definite case this cannot occur: a surface can never be both 
holomorphic and Lagrangian, and the induced metric can be neither degenerate nor 
Lorentzian. In fact, the positive definite case of the Theorem 1 leads to Wirtinger's 
inequality: 

Q(v\,V2) 2 < det G(vi,Vj), 

with equality iff {v\, V2} spans a complex plane. 
The local expression for the induced metric is: 
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Proposition 4. The metric induced on /(£) by G is: 

f*G =2e 2u Im [(d v f)d v £ - d v r)d v l - 2{r)du - f)du)d v £d„i[) dv 2 

- (d^nd^ + dpijd^ + 2rjdu(d^d p £, + <%£<%£)) dvdv\ . 
Proof. This follows from the definition of G pulled back by /. □ 



3. Oriented Lines in E 3 and Ef 

In the cases where N=S 2 or N=H 2 endowed with a metric of constant Gauss 
curvature (e 2u = 4(1 ± ££)~ 2 ), the above construction yields the neutral Kahlcr 
metric on the space L 3 of oriented affinc lines or on the space Lf _ of future-pointing 
time-like lines in E 3 or E 3 (respectively). Because of the similarity between these 
two cases we will treat them together - from here on reference to an oriented line 
will refer to just that in E 3 , and to a future-pointing time-like line in E 3 . The 
former case was dealt with in detail in [3]. 

With this in mind, we define the map $ which sends L 3 xR (Lf _ x R) to E 3 
(E 3 ) as follows: $ takes an oriented line 7 and a real number r to that point in 
E 3 (E 3 ) which lies on 7 and is an affine parameter distance r from the point on 7 
closest to the origin. 

Proposition 5. The map can be written as $((£, 77), r) = (z,t) <E C®R = E 3 (E\) 
where the local coordinate expressions are: 

(i±eo 2 (i±cc) 2 

with inverse 



(3.1) 



i-K.-atT*) r = ^l±W, ,3,) 

where the upper (lower) sign refers to the Euclidean (Lorentzian) case. 

Proof. The proof of the Euclidean case was given in [1] , while that of the Lorentzian 
case follows along almost identical lines. □ 



3.1. Isometries. 

Main Theorem 1. The identity component of the isometry group of the metric on 
T5 2 (TP?) is isomorphic to the identity component of the Euclidean (Lorentzian) 
isometry group. 

Proof. This was proven for TS 2 in [3], so we prove only the Lorentzian case here. 
The identity component of the (affine) isometries of E 3 consists of rotations and 
translations: ISO (Ef) = SO (2, 1) K Ef. We first consider the action of this group 
on L? _. 

The 3-dimensional group of rotations about the origin preserve the hyperbolic 
plane and are given by the fractional linear transformations 

£ -> £' = for aa-/3/3 = 1. 
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The group action on the space of future-pointing time-like lines is the derivative of 
this action: 



J£ + a {M + af 

The derivative at the identity of this action gives the infinitesimal generators: 
where a = —a. 

On the other hand, the infinitesimal translations act on L 3 _ by (cf. equation 
(3.2)): 

£(7-2^ + 7^ 
where 6 — 6. 

We now apply Theorem 2 to TH 2 and see that the infinitesimal isometries of 
G on L 3 _ are exactly the infinitesimal isometries of the Lorcntzian metric on E 3 , 
with the identification: 

a = [3 + 2a£ - k 2 

The result follows. 



bl = I( 7 -2^ + 7 £ 2 ). 



In [7] it is proven that above metric is the only Kahler metric on TS 2 that is 
invariant under the action induced on TS 2 (considered as the space of oriented lines 
in E 3 ) by the Euclidean group (up to the addition of the pull-back of the round 
metric on S 2 ). A similar result holds for TH 2 : the above metric is the only Kahler 
metric on TH 2 that is invariant under the action induced on TH 2 (considered as 
the space of future pointing time- like lines in E 3 ) by the Lorentz group (up to the 
addition of the pull-back of the hyperbolic metric on H 2 ). 



3.2. Geodesies. 

Main Theorem 2. The geodesies of the metric G on TS 2 (TH 2 ) are generated by 
the 1 -parameter subgroups (transvections) of the Euclidean (Lorentzian) isometry 
group. 

Proof. In [3] this was proven for the Euclidean case and so we concentrate on the 
Lorentzian case here. Let c : [0, 1] — > TH 2 be a curve with tangent vector 

X — £ ® +fj^ + ~ ^ 

d£ dn d£ dfj 

We can set £(0) = n(0) — 0, so that the initial line c(0) is the x 3 -axis. We still 
retain the freedom to rotate about, and translate along, the x 3 -axis. 
The geodesic equations (with arc-length or afhne parameter s) are 



(3.3) 
(3.4) 
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where a dot represents differentiation with respect to s, and we have made use of 
the connection coefficients associated with G. 
These have first integral 

2i (^. M .m=Mi-i) =Cl , (3.5, 



(i - «) 2 V. i - « 

where C\ € M vanishes iff the geodesic is null. 

We have already considered the geodesies which lie in the fibre, and so we assume 
now that £(0) ^ 0. Equation (3.3) is the geodesic equation on the hyperbolic plane. 
We can integrate this (with initial condition £(0) = 0) to determine the evolution 
of£ 

£ = tanh(C 2 s)e ie , (3.6) 
for constants C 2 € R and 9 e [0, 2ir). Substituting this in (3.5) we find that 



ve -»-fje»= ° lS+ 2 C ; (3.7) 
2iC 2 cosh 2 (C 2 s) 



„ = y eie - ( 3 - 8 ) 



for some real constant C3. Equation (3.4) now simplifies to: 
<i 2 

— (cosh 2 (C 2 s)r7) - 4C| cosh 2 (C 2 ,s)?7 = C 2 (C lS + C 3 )ie l9 , 

with solution (noting equation (3.7)) 

_ C 4 cosh(2C 2 s) + C 5 sinh(2C 2 s) - (ds + C 3 )i l9 
V ~ ~ 4C 2 cosh 2 (C 2 s) 6 ' 

for real constants C4 and C5. Finally, since 77(0) =0we have C3 = C\ = 0, so that 

C 5 sinh(2C 2 s) - Cisi 
4C 2 cosh 2 (C 2 s) 

Equations (3.6) and (3.8) are the general solution to the geodesic equations in TH 2 
when the initial line is the x 3 -axis. The four real constants remaining, namely 
Ci, C 2 , C5 and 0, determine the initial direction of the geodesic in TH 2 . 

The associated ruled surface in E 3 is a hyperbolic helicoid when C\ 7^ and a 
plane when C\ = 0. To see this we can put it in standard position as follows. By 
a rotation about the x 3 -axis we can fix 9 = 0, while a translation along the x 3 -axis 
allows us to put C5 =0. The ruled surface can be explicitly determined using (3.1) 
and the result is 

/ 1 

x 1 = tsinh(2C 2 s) x 2 = --^ x 3 = tcosh(2C 2 s). 

2C 2 

This is a hyperbolic helicoid for C\ 7^ and a plane for C\ — 0, as claimed. These 
are precisely the transvections of the Lorentzian isometry group. □ 



3.3. Line congruences. A line congruence is a 2-parameter family of oriented 
lines in E 3 or E 3 - that is, a surface in L 3 or L 3 _. Locally, such a line congruence 
is given parametrically by a map from C to C 2 : v — > (^(f, v), r\{y, v)). 

Given a line congruence, away from crossings, we can construction an adapted 
null frame: that is a trio of complex vector fields {eim, e (+)> e (-)} such that emi = 
e(5), e (+) = epj", ±e (0) • e (0) = e (+) • e ( _) = 1, and e (0) • e (+) = 0, where the 
Euclidean or Lorentzian inner product (denoted by a dot) is extended bilinearly 
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over C and e™ is aligned with the direction of the lines. Let {0^°\ 6*( + ) , 6*( - )} be 
the dual coframes. 

The complex spin coefficients T m p n of the congruence are defined by 

(p) 3 (m) ~ m p e (n)' 

where V is the flat covariant derivative and the indices m, n, p range over 0, +, — . 
Breaking covariance, we introduce the complex optical scalars: 

r+ - = p r + + = a. 

The following two Propositions establish the geometric significance of these com- 
plex functions. 

Proposition 6. A line congruence is orthogonal to a (space-like) surface in E 3 
iff p is real. 

Proof. The distribution of planes orthogonal to the line congruence arc integrable iff 
[e+, e_] C span{e + , e_} where [•, •] is the Lie bracket of vector fields. Equivalently, 
integrability is eo • [e+, e_] = 0. 

Now since the connection is torsion-free we have that 

[e m , e n ] = (T n p m — r m p n ) e p . 

Thus 

eo • [e+, e_] = ±F_° + T r + °_ - ±(p - p). 
The result follows. □ 

Proposition 7. in t/ie case where the line congruence is orthogonal to a surface S in 
E 3 orEj, these functions have the following expressions in terms of the eigenvalues 
Ai, A 2 of the 2nd fundamental form of S: 

W\ 2 ^l(X 1 -X 2 ) 2 p 2 = i(A 1+ A 2 ) 2 . 

In addition, the argument of a determines the eigen- directions of the 2nd funda- 
mental form. 

Proof. Let S be a C 2 (space- like) surface immersed in E 3 (E 3 ) and let Ni be the 
unit normal. The second fundamental form is a symmetric two tensor on S defined 

by 

where V is the flat connection on E 3 or E 3 and P/ is orthogonal projection onto the 
tangent space of S. Such a symmetric two tensor has two real eigenvalues Ai and A 2 
at each point of S. These are called the principal curvatures of S and the associated 
eigen-directions are called principal directions for the surface. Let {ei,e2} be an 
orthonormal eigen-basis for H^, and then the null frame is e + = -^(ei + ze 2 )e M 
for some angle a. Computing the null frame components of 

H++ =< V e+ #°,e+ >=r + ° + = a H+_ =< V e+ 0°,e_ >= T + °_ - p = p. 

In terms of the real basis 

* = H++ = \ (H u - H 22 ) e 2M = i (Ai — A 2 ) e 2ta 

p = H+- = \ (H u + H 22 ) = \ (A! + A 2 ) . 
Finally, the argument of the shear is equal to 2a which measures the angle of 
rotation between the frame and the eigen-directions. □ 
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These functions are given for a parametric line congruence by: 
Theorem 4. Let v — > ryty, v)) be a parametric line congruence and define 

d+n = dn + rdt T jf||^ 9 ^ = ^ + rB t T 

w/iere 9 is differentiation with respect to v, and the upper sign refers to E 3 and t/ie 
lower to E 3 . 
T/ien 



(9 + «<9 £ — 9 «<9£ d+ndt; — 9 r? 9 £ 



d nd n — d+nd+n d~nd n — d+nd+n 

Proof. The following is an adapted null frame: 

eo = (§-) e + = aD* (|-) + f>D* (|) + <W* 



where 



V2 
0= 



d-r?(r/d £ + fj d£) - d+n{nd£, + fjd£) 



(1 ± tt){d-nd-n - d+nd+n) 
and 



d+r,(l±K) d-r,(l±K) 
a = ^f—= = =- p = ±- 



V%(d nd n — d+nd+n) V%{d r/d n — d+nd+n) 

This can be checked by computing the derivative of $ and seeing that ±e(o) • e(o) = 

e (+) ' e (-) = !' and e (o) ' e (+) = °- 

Now we introduce the complex vectors: 

— (|)»(| 

These have inner product 



Then 



and 



z z = Ad+nd n = 2(d nd n + d+nd+n) 

+ ' + (i±©2 +■ ' (i±ar 

p = [e , e+] • e_ = (|^+ + ' + P Z +) > 

a = [e , e+] • e+ = + • («Z + + /3Z_) . 



Now use the expressions for a and (3 and the equation above to get the result. □ 

A surface S in E 3 (E 3 ) is said to be Weingarten if the eigenvalues of the second 
fundamental form of S are functionally dependent. 



Main Theorem 3. Let S be a C 2 -smooth (space-like) surface in E 3 (E 3 j and £ 
be the oriented normal congruence, considered as a surface in L 3 (L 3 _). Then S 
is Weingarten iff the Lorentzian metric induced by G on £ is scalar flat. 
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Proof. Let S be a C 2 (space-like) surface in E 3 (E?) and / : S -» L 3 (L? _) the 
oriented normal congruence. Let ^ — > (£(z/, P), r/(f, P)) be a local parameterization 
of this line congruence. 

The lagrangian condition is an integrability condition (locally) for a real function, 
which can be identified with distance r = r(v, P) of the point on the surface S from 
the closest point to the origin along the oriented normal line. In fact: 

d,r-± (i±? - )2 . (3.9) 

First, let us assume that the Weingarten surface S is flat: AiA 2 = 0. In this case 
[2] <9„£c^£— dv&vt. — and we can parameterize the surface by the fibre coordinate 
v = r\. From Proposition 2 

f*Cl = e 2u (<9„£ - d„() dv A dP, 

and since £ is Lagrangian d v (, = Then, the induced metric is (cf. Proposition 

4) 



f*G = =_im 

(1±^) 2 



2K-^)« ta A ..2 , fa 



-dA ± \ ±g dv&vt) dV ± ^~^) dvdV 



A direct computation then shows that the scalar curvature K of this metric vanishes, 
as claimed. 

On the other hand, suppose the curvature of S is not zero, then the oriented 
normal congruence is the graph of a section of the canonical bundle TN— >N. Such 
surfaces are characterised by the fact that (9„£9p£ — <9 P £<9„£ 7^ 0. In such a case, it 
is natural to parameterize the surface by the coordinate on the base: v = £. 

Let us write this section as £ — > (£, 77 = £)) and denote the complex slopes 
of the section of TN^N by: 

a = -OF po = e- 2u d{e 2u F). 

The functions po, (?o and u satisfy the following differential relation: 

Bpo = -e- 2u d(a e 2u ) - \Fe 2u n, (3.10) 

where k is the Gauss curvature of the metric g on N. This follows from the fact 
that partial derivatives commute. The left hand side reads 

8 Pa = Be- 2u d{e 2u F) = BdF + 2dudF + 2Fddu, 

while the right hand side is 

-e- 2u d(a a e 2u ) - \Fe 2u n = e- 2u d{dFe 2u ) + 2Fddu = ddF + 2dudF + 2Fddu, 

where we have used the expression for the Gaussian curvature in conformal coor- 
dinates: k = —Ae~ 2u ddu. 

It follows from Proposition 2 that: 

SI (/*|f'/*|?) = 2Im [e 2u dF + Fde 2u ] = 2e 2u Im(p ). 

Since £ is a Lagrangian section, po is real: 

d I , ^— I =d 



(l±ft)V V(i±^) 2 
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and equation (3.9) simplifies to the integrability condition of the above equation: 

* = ± (TW' (311) 

By Proposition 4, the metric induced on a Lagrangian graph is 

ds 2 = 2ie 2u (a Q dS, 2 - aodg 2 ) . 
Computing the curvature of this metric we get 

4:11 

K = -^Im [d(\a \ 2 )d(a e 2u ) + Fe 4 > | 2 ^] , 
4|cro | 

where there are no second order terms in cto because of the following identity, 
obtained by differentiation of equation (3.10): 

Im [d (e- 2u d(a e 2u )) + \Fe 2u dn\ = 0. 

Substitution of equation (3.10) yields the scalar curvature of the graph of a La- 
grangian section of the canonical bundle to be: 

r Im [8 (|a | 2 ) d Po + \Fe 2u 8 {\a \ 2 n)] . 



2|<7 | 



In our case N — S 2 (H 2 ) and n = ±1 and so, with the aid of equation (3.11), 
the scalar curvature simplifies to 

(1 _|_ ff\2 

K=- l R , %' Im [d(\a \ 2 )d(r + p )}. 

Finally the spin coefficients are related to the slopes of the graph by Theorem 4 
(with v = £): 

0o r + p 



{r + Po ) 2 -\<To\ 2 f (r + Po) 2 -Wo\ 2 ' 

For a Lagrangian line congruence it follows from Proposition 7 that 

2 



|0o| 2 



where Ai and A2 are the eigenvalues of the second fundamental form of the surface 
S in E 3 (Ef) that is orthogonal to the lines. Then if S is Weingarten, we have 
dX\ /\d\2 = and the scalar curvature of the line congruence in L 3 (L 3 _) vanishes. 

Conversely, let E be a Lagrangian line congruence in TS 2 (TH 2 ) with zero scalar 
curvature. If E is not the graph of a section, then it is orthogonal to a flat surface 
S in E 3 (E 3 ), which is certainly Weingarten. On the other hand, if E is the graph 
of a section, then, by the above computation, the vanishing of the scalar curvature 
implies dXi A d\ 2 = and once again, the orthogonal surface S in E 3 (E 3 ) is 
Weingarten. □ 
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3.4. Minimal (Maximal) Surfaces in E 3 (E 3 ). In the special case of minimal 
(maximal) surfaces the mean curvature vanishes, that is, p = 0. 

Theorem 5. A Lagrangian congruence X C TN, for N — S 2 (TP) is orthogonal 
to a minimal (maximal) surface without flat points iff the congruence is the graph 
of a local section £ i— > (£, rj = F(£, £)) with 

^77^^1=0. (3-12) 



(i±C0 2 

Proof. Let S be a minimal (maximal) surface without flat points and X be its normal 
line congruence which is given by the graph of a section. Then, by Proposition 7 
p = on S and thus we must have r + p = 0. Now the identity (3.10) can be 
written 

+/*) = -(! ± ea a * ( (T^) ■ ( 3 - 13 ) 

Putting r + po = in this identity yields the result. 

Conversely, suppose equation (3.12) holds for a Lagrangian line congruence S 
which is given by the graph of a local section. Then, by equation (3.13) r + p = C 
for some real constant C. As the orthogonal surfaces move along the line congruence 
in E 3 (Ef) we find that r — > r + constant. Thus there exists a surface S for which 
^ + Po = 0, and therefore p — 0, i.e. there is a minimal surface orthogonal to £. □ 

The previous Theorem has two immediate consequences: 

Corollary 1. 77ie normal congruence to a minimal surface is given (up to trans- 
lation) by a local section F of the bundle ir : TN — ► N with 



F = J2 2A„C +3 ~ A„f l+1 (±(n+2)(n+3) + 2(n+l)(n+3)& ± (n+lXn+^f) , 
n=0 

/or complex constants X n . The potential function r : X — > M satisfying (3.11) is: 

oo 

r = -2£ 



(3 + n ± (1 + n)&)(A£ n+2 + Ae+ 2 ) 



w/iere i/ie wpper (lower) sign refers to the Euclidean (Lorentzian) case. 

Proof. Since the minimal surface condition is a holomorphic condition we can ex- 
pand in a power series about a point: 

9F f>e. 



This can be integrated term by term to 

oo 
n=0 

for complex constants n . Now we impose the Lagrangian condition, that 



(1 ± K)8F T 2SF = E [nPnC' 1 ±( n ~ 2)/Uf* T ( „ +1) 2 (n+2) ^ 

n=0 

2 

(n+2)(n+3) 
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is real. By a translation we can set j3o — /?i = 02 = and then (n+i)(n+2)(n+3)/3 n +3 = 
=F2a„ for n > 0. Letting a n = =F(n+i)(n+2)(n+3)A„ gives the stated result for F. 
Finally, it is easily checked that the expressions for r and F satisfy (3.11). □ 

Given a surface S in E 3 (E 3 ) the eigen-directions of the second fundamental form 
determine a pair of mutually orthogonal foliations, called the principal foliations 
of S. The foliations have singularities at points where the eigenvalues are equal, 
i.e. at umbilical points (non-zero eigenvalues) or at flat points (zero eigenvalues). 
By definition, the mean curvature vanishes on a minimal (maximal) surface so the 
curvature is non-positive. Thus the only singularities that can arise for the principal 
foliations are flat points. 

Corollary 2. Umbilic points on minimal (maximal) surfaces are isolated and the 
index of the principal foliation about an umbilic point on a minimal (maximal) 
surface is less than or equal to zero. 

Proof. By Proposition 7 an umbilic point is a point where dF — 0. Moreover, the 
argument of dF gives the principal foliation of the surface. Given that minimality 
(maximality) implies the holomorphic condition (3.12), the zeros of dF are isolated 
and have index greater than or equal to zero. □ 

The classical Weierstrass representation can be considered as the construction 
of a minimal surface in E 3 from a holomorphic curve in L 3 [4] . In the following, we 
extend this perspective to maximal surfaces in E 3 : 

Theorem 6. The surface in E 3 (K\) determined by a local holomorphic section of 
TN — > AT, £ i-» (£, )) f° r N=s2 ) 9 wen h V 

z = =F(i£ 2 <99w — £dw + w) + ^ddw 

t = =F (^£,ddw - ^dw + - \Bw) , 

is minimal (maximal). Here the upper (lower) sign is the Euclidean (Lorentzian) 
case. 

Proof. We have the push forward of the coordinate vectors: 
The unit vector which corresponds to the point £ € N is 

2£ d 2£ d iT&a 

60 l±Hdz l±Hdz l±^dt 

The inner product of the preceding 2 vectors is zero, and so £ is the unit normal 
direction to the surface. 

The relationship with the fibre coordinate follows from equation (3.2) 

r, = \ (z - 2te t *e) , 

and this turns out to be 

^=i(i±^-) 3 aa( I |^) T ^. 

Finally, differentiating again we find that 
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Thus, by the identity (3.13), r + po = C, and the line congruence is orthogonal to 
a minimal (maximal) surface. That this surlace is in fact given parametrically as 
claimed can be seen by inserting these in equation (3.2) and computing that 



Acknowledgement: 

The authors would like to thank Marcos Salvai for helpful discussions. 
This work was supported by the Research in Pairs Programme of the Mathema- 
tisches Forschungsinstitut Oberwolfach, Germany. 



[1] B. Guilfoyle and W. Klingcnberg, On the space of oriented affine lines in E 3 , Archiv der 

Math. 82 (2004), 81-84. 
[2] B. Guilfoyle and W. Klingenberg, Generalised surfaces in R 3 , Math. Proc. of the R.I. A. 104A 

(2004) 199-209. 

[3] B. Guilfoyle and W. Klingenberg, An indefinite Kdhler metric on the space of oriented lines, 

J. London Math. Soc. 72, (2005) 497-509. 
[4] N.J. Hitchin, Monopoles and geodesies, Comm. Math. Phys. 83 (1982) 579-602. 
[5] O. Kobayashi, Maximal surfaces in 3-dimensional Minkowski space L 3 , Tokyo J. Math. 6 

(1983) 297-309. 

[6] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Wiley, New York (1996). 
[7] M. Salvai, On the geometry of the space of oriented lines in Euclidean space, Manuscripta 
Math. 118 (2005) 181-189. 

Brendan Guilfoyle, Department of Mathematics and Computing, Institute of Tech- 
nology, Tralee, Clash, Tralee, Co. Kerry, Ireland. 
E-mail address: brendan. gullf oyleaittralee . ie 

Wilhelm Klingenberg, Department of Mathematical Sciences, University of Durham, 
Durham DH1 3LE, United Kingdom. 

E-mail address: wilhelm.klingenbergadurham.ac.uk 




□ 



References 



